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We analyze the null geodesics of regular black holes in AdS space. A detailed analysis of geodesic
structure both null geodesics and time-like geodesics have been investigated for the said black hole.
As an application of null geodecics, we calculte the radius of photon sphere and gravitational bending
of light. We also study the shadow of the black hole spacetime. Moreover, we determine the relation
between radius of photon sphere (rps) and the shadow observed by a distance observer. Furthermore,
We discus the effect of various parameters on the radius of shadow Rs. Also we compute the angle
of deflection for the photons as a physical application of null-circular geodesics. We find the relation
between null geodesics and quasinormal modes frequency in the eikonal approximation by computing
the Lyapunov exponent. It is also shown that (in the eikonal limit) the quasinormal modes (QNMs)
of black holes are governed by the parameter of null-circular geodesics. The real part of QNMs
frequency determines the angular frequency whereas the imaginary part determines the instability
time scale of the circular orbit. Next we study the massless scalar perturbations and analyze the
effective potential graphically. Massive scalar perturbations also discussed. As an application of
time-like geodesics we compute the innermost stable circular orbit (ISCO) and marginally bound
circular orbit (MBCO) of the regular BHs in AdS space-time which are closely related to the black
hole accretion disk theory. In the appendix, we calculate the relation between angular frequency
and Lyapunov exponent for null-circular geodesics.
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2I. INTRODUCTION
Geodesics motion describes the key features of black hole (BH) space-time. In the background geometry of AdS
space, the geodesics shows a very rich structure and convey some important information related to the BH space-time.
There are various kinds of geodesics motions but among these, the circular geodesics motions are more interesting due
to its connection to the gravitational binding energy. In [1], it was shown that the binding energy of the stable circular
time-like geodesics could be used to estimate the spin of astrophysical BHs through the observations of accretion disks.
In Refs. [2, 3], the effectiveness of null geodesics to explaining the characteristic modes of a BH quasinormal modes
are described. It is important to note that general relativity (GR) predicts precessing elliptical orbits around a central
star. In the extreme case of a Schwarzschild black hole, there are also a simple set of unstable circular orbits which
are referred as the outcome of the non-linearity of general relativity. Cornish and Levin have investigated that all
unstable orbits, whether regular or chaotic, can be quantified by their Lyapunov exponents [4].
Some important reviews on QNMs of astrophysical BHs and stars are given in Refs. [2, 3, 5, 6]. In particular, it
has been explained in Refs. [2, 3] that null geodesics play an important role in describing the characteristic modes of
a BH while in Refs. [5], the authors have described the various aspects of QNMs of BHs and branes. Konoplya [6] has
considered the possible perturbations of BHs in the context of astrophysical observations. In 1985, Mashhoon [7] has
interpreted the free modes of vibrations as null particles which are trapped at the unstable circular orbits. Later on,
Berti et al. [8] have investigated that the null particles trapped at the unstable circular orbits are leaking out slowly.
Pretorius and Khurana [9] have investigated that unstable circular orbits might be useful to obtaining information on
phenomena occurring at the threshold of BH formation in the high-energy scattering of BHs. Later on Steklain and
Letelier [10] have studied Lyapunov exponents in the context of the stability of circular orbits for different spins of
the central body. It is well known that the unstable orbits come out with positive Lyapunov exponents [11]. Some
useful applications of Lyapunov exponents have been described in Refs. [12, 13, 14, 15]. It is important to note that
the Lyapunov exponent has been known to erroneously lead to zero Lyapunov exponents for chaotic systems therefore
topological measures of chaos are not provoked by the relativism of space and time [16, 17].
Very recent past, Prasobha and Kuriakose [18] have studied QNMs frequency of Lovelock BHs and investigated
that the real part of the modes decreases as with increase of space-time dimension. This predicts the the presence
of lower frequency modes in higher dimensions. In Ref. [19], the authors have investigated QNMs of Schwarzschild
BHs in four and higher dimension in the boundary of infinite damping. Note that the asymptotic real part of the BH
QNMs holds the same frequency as emitted by a BH whose area falls by an amount which is natural from the point of
view of distinct preludes to quantization of gravity such as loop quantum gravity [20]. Fernando and Clark [24] have
studied QNMs of scalar perturbations in four dimensional space-time and compare their result with Schwarzschild
BH. Recently Hendi and Nemati [25] have investigated QNMs of scalar perturbations in five dimensional massive
gravity by using WKB method.
The main focus of the work is to investigate the geodesics structure of regular black holes in AdS space. We have
studied both null geodecics as well as time-like geodesics. Aa an application of null geodesics, we have derived the
radius of photon sphere and study the shadow of the BH visually. Also we find the relation between radius of photon
sphere (rps) and the shadow as observed by a distance observer. Furthermore, we discus the implication of various
parameters on the radius of shadow Rs. Also we derive the angle of deflection for the photons. By computing the
Lyapunov exponent we find the relation between null geodesics and QNMs frequency in the eikonal approximation.
Also we study the massless scalar perturbations and analyze the effective potential graphically. Moreover we compute
the ISCO and MBCO of the said which are closely related to the BH accretion disk theory.
The paper is organized as follows. In the next section, we briefly discuss the regular BHs in Ads space. In Sec. III,
we investigate througly the null geodesics of the said BH in AdS space. In Sec. IV, we study the relation between
QNMs frequency and null circular geodesics through massless scalar perturbations in the eikonal limit. In Sec. V,
we study the Klien-Gordon equations for massless perturbations and derived the effective potential. We plotted it
graphically and compared the result with Hayward class and Bardeen class of BHs. Sec. VI is described to study the
massive scalar perturbations and computed the effective potential. In Sec. VII, we investigated the time-like geodesics
in the said BH. We also compute the ISCO and MBCO. In Sec. VIII, we have given the conclusions and future outlook.
II. INTRODUCTION OF REGULAR BHS IN ADS SPACETIME
In this section, we will consider a static, spherically symmetric and asymptotically flat solutions of regular BH in
AdS space-tim [26] as follows:
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdφ2), (1)
3where
f(r) =
(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
(2)
Here, µ > 0 is a dimensionless constant, α > 0 has the dimension of length squared and q is a free integrating constant.
FIG. 1: f(r) versus r with ν = 1 for New class BH (upper panel), ν = 2 for Bardeen BH (middle panel)and ν = 3 for Hayward
BH (lower panel). Here, we set M = 0, q = 1, µ = 3 and α = 0.5. The right panel is plotted for values of ν in the range 0 ≤ ν ≤ 40.
Special case:
(A). Bardeen class:
4FIG. 2: f(r) versus r for various values of ν; the other parameters fixed to M = 0, q = 1, µ = 3 and α = 0.5.
If ν = 2, then the function (2) is reduced to
f =
(
1− 2M
r
− 2α
−1q3rµ−1
(r2 + q2)
µ
2
)
. (3)
For M = 0, µ = 3, the solution is the Bardeen BH [28].
(B). Hayward class:
If ν = µ, then the function (2) is reduced to
f =
(
1− 2M
r
− 2α
−1q3rµ−1
(rµ + qµ)
)
. (4)
For M = 0, µ = 3, the solution is the Hayward BH [29].
(C). A new class:
If ν = 1, then the function (2) is reduced to
f =
(
1− 2M
r
− 2α
−1q3rµ−1
(r + q)µ
)
. (5)
For M = 0, the solution can be treated as a new class solution. Also, regular BH has a solution for µ ≥ 3 .
A. Circular orbits in the Equatorial Plane
In an equatorial plane, we compute the geodesic for the space-time (1) by using the method of Chandrasekhar et al.
[21]. In order to do that, we consider θ˙ = 0 and θ = constant = pi2 . Now, the Lagrangian equation of motion becomes
2L =
[
−
(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
t˙2 +
r˙2(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
) + r2φ˙2], (6)
where φ denotes the angular momentum. Now the canonical momentum is defined as
Pq =
∂L
∂q˙
. (7)
By using the equation (7), the generalized momenta can be derived from the lagrangian are as follows
pt = −
(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
t˙ = −E = const. (8)
pφ = r
2φ˙ = L = const. (9)
pr =
r˙(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
) . (10)
5Here, the Lagrangian equation of motion is not depends on ‘t′ and ‘φ′ both, thus pt and pφ are conserved quantities.
After solving equations (8) and (9) for t˙ and φ˙, we get
t˙ =
E(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
) and φ˙ = L
r2
. (11)
Integral equation of the geodesic motion is obtained by normalizing the four velocity (ua) as follows
gabu
aub = δ, (12)
which is similar to
−Et˙+ Lφ˙+ r˙
2(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
) = δ. (13)
Here, δ = −1 determines the time-like geodesic, δ = 0 determines the null geodesic and δ = 1 determines the space-like
geodesic. Putting the value of t˙ and φ˙ from (11) into (13), we find the radial equation for space-time as
r˙2 = E2 −
(
L2
r2
− δ
)(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
. (14)
III. NULL GEODESICS OF REGULAR BHS IN ADS SPACETIME
The radial equation of the test particle for null circular geodesic as using the equation (14) by setting δ = 0 is given
by
r˙2 = E2 − Vnull = E2 − L
2
r2
(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
. (15)
where Vnull is the effective potential of null-circular geodesics is given by
Vnull =
L2
r2
(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
. (16)
A. Radial null geodesics:
The radial geodesics is corresponding to zero angular momentum (L=0). Hence the effective potential for radial
null geodesics is
Vnull = 0 (17)
The equation for t˙ and r˙ are simplified to
r˙ = ±E and t˙ = E
f(r)
. (18)
The above equation gives
dt
dr
= ± 1
f(r)
= ± 1(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
) . (19)
The above equation can be integrated to find the coordinate time t as
t = ±
∫
1(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
) + constant. (20)
6When r → 2M and q → 0, t→∞. Hence we can obtain the proper time by integrating
dτ
dr
= ± 1
E
, (21)
which gives
τ = ± r
E
+ constant. (22)
When r → 2M and q → 0, τ → ± 2ME is finite. Hence the coordinate time is infinite while the proper time is finite.
This is the same with the result for the Schwarzschild BH.
B. Geodesics with angular momentum(L 6= 0):
In this case, the effective potential is
Vnull =
L2
r2
(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
. (23)
We have plotted the graph Vnull against r (first panel) in the Fig. 3. Initially, Vnull reaches a peak value then it
decreases for larger value of r as evident from Fig 3. In the same figure one can see that Vnull is linearly decreasing
with M (second panel), then it decreases with decreasing value of q (third panel) while Vnull increases with increasing
value of α (fourth panel) and L(fifth panel) respectively.
In case of circular geodesics [21]
r˙2 = (r˙2)′ = 0, (24)
Now, the angular momentum and energy at r = ro for the null geodesics are as follows:(
rµo q
3((µ− 3)qν − 3rνo ) + (ro − 3M)(rνo + qν)
µ+ν
ν α
)
= 0 and
Eo
Lo
= ±
√√√√√
(
(r − 2M)(rνo + qν)
µ
ν − 2α−1q3rµo
)
r2o(r
ν
o + q
ν)
µ
ν
. (25)
Let us consider Do =
Lo
Eo
be the impact parameter, then the equation (25) reduces to
1
Do
=
Eo
Lo
=
√
M + q3rµo q3α−1(rνo + (1− µ)qν)(rνo + qν)(−
µ+ν
ν )
r3o
. (26)
C. Radius of photon sphere :
A photon sphere is a area where the gravitational field of BH is so strong that light can travel in circles. At
the photon sphere, no light released outside can reach observer from below- the observer watch into the vast wide
emptiness of the BH. For spherical geodesics of a circular light orbits, we use two conditions
Vnull(r)|ro=rps = 0 and ∂Vnull(r)∂r |ro=rps = 0,
where, rps is the radius of the photon orbit. The first condition gives
L2
E2
=
r2ps
f(rps)
, (27)
and the second condition implies
rpsf
′(rps)− 2f(rps) = 0. (28)
Substituting the equation (2) into the above equation, we have
rµpsq
3((µ− 3)qν − 3rνps) + (rps − 3M)(rνps + qν)
µ+ν
ν α = 0 (29)
7FIG. 3: The figure describes the variation of Vnull with r (first panel), M (second panel), q (third panel), α (fourth panel) and L (fifth
panel). We have set µ = 3.
8FIG. 4: Black hole shadow in the Celestial plane β − γ for varying α with µ = 1, ν = 1 and q = 1 (up- left panel), varying µ with
α = 1, ν = 1 and q = 1 (up- right panel), varying q with α = 1, µ = 1 and ν = 1 (down left panel), varying ν with α = 1, µ = 1 and
q = 1 (down- left panel). We set M = 1.
The analytical solution rps of the above equation is not a trivial task. But for some special cases, we can find a
relation for the radius of the photon sphere, as
• when α = 0, the radius of photon sphere is follows
rph = 3
− 1ν q−
3
ν
(
q3+ν(−3− µ)
) 1
ν
(30)
•• when q = 0, the radius of the photon sphere is
rps = 3M (31)
• • • when µ = 0, the radius of the photon sphere is as follows
rps = 3(−qν) 1ν (M + q
3
α
) (32)
• • •• when ν = 1(ν 6= 0), the relation for the radius of the photon sphere is as follows
rµpsq
3((µ− 3)q − 3rps) + (rps − 3M)(rps + q)µα = 0 (33)
In general, it is possible to numerical that there are many roots (real, complex according to the value of the parameter
α, µ, ν and q) of the Eq. (29), which are bigger than the event horizon radius and then we have many small and larger
9TABLE I: Photon sphere radius for variation of massive parameters with M = 1.
α 0.2 0.5 1.0 1.5 2.0
rps(µ = ν = q = 1) 16.99 8.15 5.4 4.54 4.12
µ 0.0 0.5 1.0 1.5 2.0
rps(α = ν = q = 1) 6.0 5.7 5.4 5.11 4.82
ν 0.2 0.5 1.0 1.5 2.0
rps(µ = α = q = 1) 3.14 4.21 5.4 5.8 5.93
q 0.0 0.5 1.0 1.5 2.0
rps(µ = ν = α = 1) 3.0 3.31 5.4 11.63 24.64
spherical light orbits. To understand which one is stable with respect to radial perturbation, we should examine the
sign of V ′′null, when V
′′
null < 0 it indicates unstable orbit and V
′′
null > 0 indicates the stable one. In the following
Table I, the radius of the unstable photon sphere (the larger photon sphere) is listed for some parameters, thereby we
conclude the nature of rps under variation of the massive parameters.
We plot the BH shadow in Fig. 4 for different values of parameters. We observe that in both cases α and µ when
the values increase the radius decrease while keeping other parameter fixed. We observe that the shadow size shrinks
with increasing “α” and “µ” , respectively. Further, we notice that with increase in “q”, the shadow size increase with
fixed other parameters. The shadow size also increase with increase in “ν”. One can observed from Figure 4 that µ
has weaker effect whereas q has stronger effect on the BH shadow.
D. Shadow of the BH:
Now, we study the shadow Ref.[22] of the BH. We assume that a bright object released photons and after releasing
from the bright object, photons comes towards the BH which is situated between a bright object and an observer.
Around the BH there are three possible trajectories of the photon geodesics: (i) falling into the BH, (ii) scattered
away from BH to infinity, (iii) first two sets are separated by critical geodesics. The observer can see only the scattered
photons which fall from a dark region into the BH. This dark region is called BH shadow.
Now, to study the shadow of the BH we are going to introduce a new celestial coordinate (β, γ), where β is the
perpendicular distance of the shadow from symmetry axis and γ is the apparent perpendicular distance of the shadow
from its projection on the equatorial plane. Following the calculation of Ref.[23] we can obtain an equation representing
a circle of radius in celestial plane β − γ, as follows
β2 + γ2 = R2s =
r2ps
f(rps)
1− rpsf(rps) .
f(rob)
r2ob
, (34)
where subscripts “ps” and “ob” represents the photon sphere and observer, respectively. Considering the equation
(2), for distant observer when r →∞, we can find that f(rob)
r2ob
→ 0. So the radius of the shadow(Rs) reduces to
Rs =
rps√
f(rps)
(35)
E. Dependence of shadow radius Rs on various parameters:
From Eq. (35) we can write the expression of the shadow radius Rs as follows
Rs =
rps√(
1− 2Mrps −
2α−1q3rµ−1ps
(rνps+q
ν)
µ
ν
) (36)
The above expression of Rs shows the effects of the parameter α, µ, ν and q on the silhouette of the shadow. The
variation in the silhouette of the BH shadow are shown graphically in Figs. 5, 6 for different values of parameters.
10
FIG. 5: The figure shows Rs versus r (up-left Panel) for varying α and varying µ (down-left Panel). BH shadow in the Celestial plane
β − γ for varying α with µ = 1, ν = 1 and q = 1(up- left panel), varying µ with α = 1, ν = 1 and q = 1(down- right panel). We set
M = 1.
In Table II we represent the computed the values of radius of photon sphere (rps) and the BH shadow radius (Rs)
for different values of the parameters.
In Fig. 5, Rs is plotted against r upper and lower left panel for varying α and µ, respectively and the BH shadow
against Rs is plotted upper and lower right panel for varying α and ν, respectively. From Figure (5) we observe that
the shadow size shrinks with increasing “α” and “µ” when the value of the other parameters is fixed.
In Fig. 6, Rs is plotted against r upper and lower left panel for varying q and ν, respectively. The BH shadow
against Rs is plotted upper and lower right panel for varying q and µ, respectively. One can see from Figure (6) that
the shadow size increase with increasing “q” and “ν”, the shadow radius Rs increase , while other parameters is fixed.
Also one can find that variation of µ has weaker effect on the shadow size than the other parameter and q has more
significant effect on the BH shadow.
F. Gravitional Bending of light
A non-stable circular photon orbit is called “Photon Sphere”. This non-stable photon sphere represents the shadow
of the BH. From Eq. (9) and Eq. (10) we have
dr
dφ
=
r˙
φ˙
=
pr
(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
)
r2
L
. (37)
11
FIG. 6: The figure shows Rs versus r (up-left Panel) for varying q and varying ν (down-left Panel). Black hole shadow in the Celestial
plane β − γ for varying q with α = 1, µ = 1 and ν(up- right panel), varying ν with α = 1, µ = 1 and q = 1(down- right panel). We set
the parameter M = 1.
Again the Eq. (15) can be rewritten as
p2r
(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
=
E2(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
) − L2
r2
. (38)
We can get pr from the Eq. (38) as
pr = ±
√√√√√ 1(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
)√√√√√ E2(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
) − L2
r2
. (39)
Using pr from the above equation, we can write the Eq. (37) as follows
dr
dφ
= ±
√(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)√
E2
L2
χ2(r)− 1, (40)
where,
χ2(r) =
r2(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
) (41)
12
TABLE II: Radius of photon sphere rps of the BH, shadow radius Rs for variation of massive parameters with M = 1.
S. N. α rps(µ = ν = q = 1) Rs(µ = ν = q = 1)
1. 0.5 8.15 14.47
2. 1.0 5.4 9.59
3. 1.5 4.54 8.04
4. 2.0 4.12 7.29
S. N. µ rps(α = ν = q = 1) Rs(µ = ν = q = 1)
1. 0.5 5.7 9.99
2. 1.0 5.4 9.59
3. 1.5 5.11 9.19
4. 2.0 4.82 8.79
S. N. ν rps(α = µ = q = 1) Rs(µ = ν = q = 1)
1. 0.5 4.21 7.56
2. 1.0 5.4 9.59
3. 1.5 5.8 10.16
4. 2.0 5.93 10.32
S. N. q rps(α = µ = ν = 1) Rs(µ = ν = q = 1)
1. 0.5 3.31 5.76
2. 1.0 5.4 9.59
3. 1.5 11.63 20.76
4. 2.0 24.64 43.68
Now, a light ray coming from infinity, reaches at minimum radius (R) and again returns back to infinity, the bending
angle (βbending) is read by the formula
βbending = −pi + 2
∫ ∞
R
dr√
r2
(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
)(
E2
L2 χ
2(r)− 1
) (42)
As R is the turning point of the trajectory, the necessary condition drdφ |R=0 must be satisfied.
This leads to the equation
χ2(R) =
L2
E2
. (43)
Then the deflection angle as a function of R can be written as
βbending = −pi + 2
∫ ∞
R
dr√
r2
(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
)(
χ2(r)
χ2(R) − 1
) (44)
Substituting the value of χ2(r) and χ2(R), the equation of bending angle of regular BH in AdS space-time is
βbending = −pi + 2
∫ ∞
R
dr√
r2
(
1− 2Mr − 2α
−1q3rµ−1
(rν+qν)
µ
ν
)(
r2
D2
(
1− 2mr2
r3+2l2m
) − 1
) (45)
where, D = LE is the impact parameter of the regular BH. The exact formula of bending angle is derived in [27] .
IV. UNSTABLE NULL GEODESICS AND QUASINORMAL MODES OF MASSLESS SCALAR FIELD
IN THE EIKONAL LIMIT
A normal mode is a solution to the differential equation which has a complex frequency. It satisfies the boundary
condition of purely “Outgoing” waves, which propagating away from the boundary, from −∞ to +∞. WKB method
gives the correct approximation of QNMs at an eikonal limit.
13
FIG. 7: The figure shows QNMs frequency Re(w) versus r (left Panel) and Im(w) versus r (right panel). Here q = 0.5, µ = 3, α = 0.5
and ν = 2.
Here, the central equation (wave eqn.) can be taken in the following form
d2ψ
dx2
+Q(x)ψ = 0, (46)
where,
ψ = w2 − Vs(r) (47)
and
Veff (r) =
[
l(l + 1)
r2
+
2
r3
(
M +
q3rµq3(rν + (1− µ)qν)
α(rν + qν)(
µ+ν
ν )
)][
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
]
. (48)
In case of BH, ψ represents the radial part of perturbation variable, which assumed to be time dependent. The
coordinate x is linearly connected to the “tortoise” coordinate r∗ ,which ranges from −∞ ( at the horizon) to +∞ (at
the spatial infinity). The tortoise coordinate r∗ and the radial coordinate r are related by the following relation
dr
dr∗
=
(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
. (49)
The function Q(x), which depends on the angular momentum and the mass of the BH, is constant at x = ±∞. At
l→∞ (i.e., in case of eikonal limit), we get
Q0 ' ω2 − l
2
r2
(
1− 2M
r
− 2α
−1q3rν−1
(rν + qν)
µ
ν
)
, (50)
where l represents the angular harmonic index.
From the eqn. (50), the maximum value of Q0 at r = rσ, is given by(
rµσq
3((µ− 3)qν − 3rνσ) + (rσ − 3M)(rνσ + qν)
µ+ν
ν α
)
= 0. (51)
At r = ro, the unstable null circular geodesic can be calculated by using r˙
2 = (r˙2)′ = 0, we have(
rµo q
3((µ− 3)qν − 3rνo ) + (ro − 3M)(rνo + qν)
µ+ν
ν α
)
= 0. (52)
At the point rσ = ro, the maximum value of Q0 and the null circular geodesics are coincident, then the QNM leads
to the following form
Q0(rσ)√
2Q
′′
0 (rσ)
= i(n+ 1/2), (53)
where Q
′′
0 ≡ d
2Q0
dr2∗
and the Eq. (53) is calculated at an extremum of Q0 (that is,
dQ0
dr∗
= 0 at r0).
14
FIG. 8: The figure shows QNMs frequency Re(w) versus q (left Panel) and Im(w) versus r (right panel); the other parameter fixed to
M = 1, µ = 3, α = 0.5 and ν = 2.
FIG. 9: The figure shows QNMs frequency Re(w) versus M (left Panel) and Im(w) versus M (right panel). Here q = 0.5, µ = 3, α = 0.5
and ν = 2.
Following the formula that has been derived by Cardoso et al. [30] as
ωQNM = lΩo − i(n+ 1/2)λo, (54)
where n represents the overtone number, Ωo is the angular frequency measured by the asymptotic observers and λ0
is the coordinate Lyapunov exponent of null-circular geodesics. Angular frequency (Ωo) and Lyapunov exponent (λ0)
for null-circular geodesics in a AdS space-time are studied in Appendix A. In case of eikonal approximation (i.e., in
the large-l limit) the QNM frequency for BH [31]can be represented by the following two parameters:
ωQNM = l
√
M + q3rµo q3α−1(rµo + (1− µ)qν)(rνo + qν)−(
µ+ν
ν )
r3o
− i(n+ 1/2)×√
((ro − 2M)(rνo + qν)
µ
ν α− 2q3rµo )(roα(rνo + qν)2+
µ
ν + µq(3+ν)rµo (3qν(ν − 3)− rνo (ν + 3))
r2oα(r
ν
o + q
ν)
µ+ν
ν
. (55)
Which is the key results of our manuscript and the importance of the equation (55) is that in case of eikonal limit,
the real and complex parts of the QNMs for the spherically symmetric, asymptotically flat space-time are stated by
the frequency and instability time scale for the case of unstable null circular geodesics.
Fig. 7 represents the plot of Re(w) versus q (left panel) and Im(w) versus q (right panel) by varying M . Re(w)
decreases as r increases and when M increases, the height of the Im(w) decreases.
In Fig.8, Re(w) is graphed versus q (left panel) and Im(w) is graphed versus q (right panel). One can see that
Re(w) is increased for the initial value of q. However, it seems Re(w) decrease for large value of q as evident from
Fig.8. But the Im(w) is always increasing with increasing the value of q.
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FIG. 10: The figure shows the Veff versus r. Here, M = 0, α = 0.5, q = 0.05, ν = 1(New class BH), ν = 2(BBH), and ν = 3(HBH).
FIG. 11: The figure shows the Veff versus r for varying ν (left Panel) and M (right panel); the other parameters fixed to l = 1, µ = 3
and α = 0.5.
In Fig. 9, Re(w) is graphed versus M (left panel) for both l = 1 and l = 2 . Im(w) is graphed versus M (right
panel) for both n = 1 and n = 2. Re(w) increases with M and Im(w) is decreased when M increased. Interestingly,
when M increases, there is a critical point where Im(w) approaches to zero leading to purely real modes.
V. BASIC EQUATION FOR THE PERTURBATION OF THE REGULAR BH IN ADS SPACE-TIME:
The Klein-Gordon equation around the regular BH in AdS space of the massless scalar field is given by
∇2ξ = 0 (56)
By separation of the variable we have
ξ = e−iwtXl,m(θ, φ)
η(r)
r
(57)
After simplifying equation (56) we obtain a Schro¨dinger-type equation which is given by
d2η(r∗)
dr2∗
+
(
w2 − Veff (r∗)
)
η(r∗) = 0 (58)
where, Veff (r∗) is given by
Veff (r∗) =
[
l(l + 1)
r2
+
2
r3
(
M +
q3rµq3(rν + (1− µ)qν)
α(rν + qν)(
µ+ν
ν )
)][
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
]
. (59)
16
FIG. 12: The figure shows the Veff versus r for varying l (left Panel) and q (right panel); the other parameters fixed to M = 1, µ = 3
and α = 0.5.
FIG. 13: The figure shows the Vmnull versus r for varying values of the mass m. Here, M = 1, q = 0.5, µ = 3, ν = 1, l = 1 and α = 0.5.
Here, w,Xl,m(θ, φ) and r∗ represents the frequency of the wave mode, the spherical harmonic and the tortoise coor-
dinate, respectively. The effective potential Veff (r) depends on the parameters l,M, α, q, µ and ν.
The comparison of effective potentials among the Hayward BH (HBH), Bardeen BH (BBH) and new class BH are
shown in Fig.10. One can see from Fig.10 that the effective potential of new class BH is greatest compared to Bardeen
BH and Hayward BH.
In Fig. 11, Veff is plotted against r (left panel) by varying ν and Veff is plotted against r (right panel) by varying
M . One can see that for both cases height of Veff is decreasing for increasing of ν and M , respectively.
Fig. 12 represents the plot of Veff versus r (left panel) by varying l and Veff versus r (right panel) by varying q.
The height of Veff increases as l increases and when q increases the height of the Veff decreases.
VI. MASSIVE SCALAR PERTURBATIONS:
In this section, we will see how the massive scalar field decay. It has been observed for Schwarzschild BH that
the massless modes decays faster than massive scalar field [32]. Hence it is quite interesting to see that if such
characteristics is possible for the above metric (1).
Let us take the equation of motion for massive scalar field as
∇2ξ −m2ξ = 0. (60)
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After using the separation of variable similar to the Eq. (57), we obtain the following equation for radial component
as
d2η(r∗)
dr2∗
+
(
w2 − V meff (r∗)
)
η(r∗) = 0, (61)
and the modified potential V meff (r∗) is given by
V meff (r∗) =
[
l(l + 1)
r2
+
2
r3
(
M +
q3rµq3(rν + (1− µ)qν)
α(rν + qν)(
µ+ν
ν )
)
+m2
][
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
]
. (62)
The effective potential V meff (r∗) is plotted in the Fig. 13 for different values of the mass parameter m. The Fig. 13
shows that when mass increases the height of the effective potential also increases. Also the potential terminates to
have maximum at the critical values of m.
VII. TIME-LIKE GEODESICS OF REGULAR BHS IN ADS SPACE-TIME
A. The Effective Potential
For time-like circular geodesics (δ = −1) the radial Eq.(14) reduces to
r˙2 = E2 − Vtime = E2 −
(
1 +
L2
r2
)(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
, (63)
Vtime denoted the effective potential for time-like geodesics which is given by
Vtime =
(
1 +
L2
r2
)(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
. (64)
The geodesic motion of neutral test particles can be analyzed by using the effective potential diagram which is
graphically shown in Fig. 14.
Analogously, the effective potential with zero angular momentum geodesics is
Vztime =
(
1− 2M
r
− 2α
−1q3rµ−1
(rν + qν)
µ
ν
)
, (65)
To calculate the circular geodesics motion of the test particle in AdS space-time, we will use the condition r˙ = 0 and
r˙′ = 0 at r = rc. From the Eq. (63) we get
Vtime = 0, (66)
and
dVtime
dr
= 0. (67)
Hence the energy and angular momenta per unit mass of the test particle are as follows:
E2c =
(rνc + q
ν)1−
µ
ν
(
(r − 2M)(rνc + qν)
µ
ν α− 2q3rµc
)2
rcα
(
rµc q3((µ− 3)qν − 3rνc ) + (rc − 3M)(rνc + qν)
µ+ν
ν α
) , (68)
and
L2c =
r2c
(
q3rµc (r
ν
c − (µ− 1)qν) +M(rνc + qν)
µ+ν
ν α
)
(
rµc q3((µ− 3)qν − 3rνc ) + (rc − 3M)(rνc + qν)
µ+ν
ν α
) . (69)
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FIG. 14: Plot of Vtime versus r (first panel), M (second panel), L (third panel) and q (fourth panel) respectively. We have set µ = 3.
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FIG. 15: Plot of E2c versus rc for M = 2, q = 0.05, µ = 3 and α = 0.5. The left panel is plotted for ν = 1 and right panel is plotted for
values of ν in the range 0 ≤ ν ≤ 4.
FIG. 16: Plot of L2c versus rc for M = 2, q = 0.05, µ = 3 and α = 0.5. The left panel is graphed for ν = 1 and right panel is graphed for
values of ν in the range 0 ≤ ν ≤ 100.
The 2D and 3D diagram of variation of energy (Ec) and angular momentum (Lc) along time-like circular geodesics
could be seen from Figs. 15 and 16, respectively.
To exist the circular motion of test particle, the energy and angular momentum must be real and finite.
Therefore we require,(
rµq3((µ− 3)qν − 3rν) + (r − 3M)(rν + qν)µ+νν α
)
> 0,
and(
q3rµ(rν − (µ− 1)qν) +M(rν + qν)µ+νν α
)
> 0.
The equality with limit indicates a circular orbit with diverging energy per unit rest mass, that is, a photon orbit.
This photon orbit is the inner most boundary of the time-like circular orbits for particles.
The orbital velocity is given by
Ωc =
φ˙
t˙
=
√
M + q3rµc q3α−1(rνc + (1− µ)qν)(rνc + qν)(−
µ+ν
ν )
r3c
. (70)
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B. Marginally bound circular orbit (MBCO):
The equation of MBCO for AdS space-time looks like
4Mα2rc(rc −M)(rνc + qν)(
µ+ν
ν ) + 4α(rc − 2M)rµc q3(rνc + qν)
µ
ν
− 4q6r2µc (rνc + qν)(
ν−µ
ν ) + rµ+1c q
3α((µ− 3)qν − 3rνc ) = 0 (71)
Let rc = rmb be the solution of the above equation which gives the radius of MBCO close to the Regular BH.
C. Equation of ISCO:
The equation of innermost stable circular orbit (ISCO) can be obtained from the second derivative of the effective
potential (Vtime) of the time like geodesics, that is,
d2Vtime
dr2
= 0. (72)
Thus the equation of ISCO is
2r2µc q
6s+ rµc q
3α(rνc + q
ν)
µ
ν (t+ w)−M(rc − 6M)(rνc + qν)2(
µ+ν
ν )α2 = 0, (73)
where
s = (µ− 3)(µ− 1)q2ν + (µ(ν − 4) + 6)rνc qν + 3r2νc ,
t = r2νc (12M − rc)− q2ν((µ2 + 4µ− 6)2M + (1− µ2)rc),
w = rνc q
ν((µν − 4µ+ 12)2M − (2 + µν)rc). (74)
Let rc = rISCO be the smallest real root of the Eq. (17) which gives the radius of the ISCO of the regular BH in AdS
space-time. When q → 0, we obtain the radius of ISCO for Schwarzschild BH which occurs at rISCO = 6M .
VIII. CONCLUSION AND FUTURE WORK:
We investigated the null geodesics of regular BHs in AdS space. A complete geodesic study has been made both for
time-like geodecics and null geodecics. Studies of test particle both for photon and massive particles as an interesting
approach to understand the strong gravity around the BH spacetime. As an application of null geodecics, we derived
the radius of photon sphere and gravitational bending of light. We also studied the shadow of the BH spacetime.
Moreover, we showed the relation between radius of photon sphere (rps) and the shadow observed by a distance
observer.
Using null-circular geodesics, we evaluated the celestial coordinates (β, γ) and the radius Rs of the regular BH
shadow and presented it graphically. The effect of dimensionless constant µ of the BH, the free integration constant
q and the other parameter (like α and ν) on the radius of shadow are studied in detail. In particular, the radius of
BH shadow is increased with increasing value of ν and q while the radius is decreased with increasing value of the
parameters α and µ respectively.
Moreover, we discussed the effect of various parameters on the radius of shadow Rs. Also we computed the angle
of deflection for the photons as a physical application of null-circular geodesics. We determined the relation between
null geodesics and quasinormal modes frequency in the eikonal approximation by computing the Lyapunov exponent.
It was also shown that (in the eikonal limit) the quasinormal modes (QNMs) of BHs are governed by the parameter
of null-circular geodesics. The real part of QNMs frequency determined the angular frequency whereas the imaginary
part determined the instability time scale of the circular orbit.
Quite apart from the circular geodesics analogy, we determined the relation between unstable null-circular geodesics
and QNMs, which is quite general and being valid for large limit for any spherically symmetric, static and asymp-
totically flat space-time. We showed that the QNMs in the eikonal limit of the BH are defined by the parameter
of the null-circular geodesics. The real part of the complex QNMs frequencies is related to the angular velocity in
the unstable null-circular geodesics and the imaginary part is determined by the instability timescale of the orbit.
More specifically, we showed that the Lyapunov exponent and the angular velocity (Ωo) at the unstable null circular
geodesics, governing the instability timescale for the orbit admit with an analytic WKB approximation of QNMs.
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FIG. 17: The figure depicts the variation of Y = 2r2µc q
6s+ rµc q
3α(rνc + q
ν)
µ
ν (t+ w)−M(rc − 6M)(rνc + qν)2(
µ+ν
ν
)α2 versus rc (first
panel), M (second panel), q (third panel) and α (fourth panel) respectively. We have set µ = 3.
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Furthermore, we examined the massless scalar perturbations and analyzed the effective potential graphically. We
also studied the massive scalar perturbations around the BH spacetime. As an application of time-like geodesics
we computed the ISCO and MBCO of the regular BHs in AdS space-time which was closely related to the BH
accretion disk theory. In the appendix, we showed the relation between angular frequency and Lyapunov exponent
for null-circular geodesics.
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APPENDIX A: ANGULAR FREQUENCY AND LYAPUNOV EXPONENT FOR NULL-CIRCULAR
GEODESICS
Angular frequency of regular BH in AdS space-time is given by
Ωo =
φ˙
t˙
=
√
f ′o
2ro
=
f
1
2
o
ro
. (75)
Using the equation (2)we obtain the angular frequency as follows
Ωo =
√
M + q3rµo q3α−1(rνo + (1− µ)qν)(rνo + qν)(−
µ+ν
ν )
r3o
. (76)
The Lyapunov exponent can be defined in terms of the second derivative of the effective potential for radial motion
Vnull of null-circular geodesics as
λo =
√
(Vnull)′′
2t˙2
. (77)
Using the equation (77) the Lyapunov exponent for null circular geodesics is given by
FIG. 18: Plot of λ0 versus r0 for M = 2, q = 0.05, µ = 3 and α = 0.5. The left panel is graphed for ν = 1 and right panel is graphed for
values of ν in the range 0 ≤ ν ≤ 100.
λo =
√(
(ro − 2M)(rνo + qν)
µ
ν α− 2q3rµo
)(
roα(rνo + q
ν)2+
µ
ν + µq(3+ν)rµo (3qν(ν − 3)− rνo (ν + 3))
)
r2oα(r
ν
o + q
ν)
µ+ν
ν
. (78)
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We have plotted the graph λo against ro in the Fig.18. From the Fig.18 it is clear that λo increases for the initial
values of ro and after that it starts to decrease for large value of ro .
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